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Root-Sum-Square (RSS)
Calculations of  

Digital Timing Delays

The subject of RSS versus extreme value

calculations arises often in worst case analyses

because the calculation of a quantity, e.g., the

delay of a digital parts chain, required to be less

than some value, will yield a smaller result when

calculated by the RSS method than by the

extreme value method, making it easier to claim

that requir ements ar e met. 
           

The validity of RSS is often debated without
exploring its mathema tical basis.  T his report

discusses the basis for RSS calculations and the

method’s limitations.  Although the discussion is

centered around calculating the propagation
del ays of digital circuits, the basic theory and

conclusions apply to any application of RSS.
         

What is the Difference Between an RSS and
an Extreme Value Calculation?
         

Let a timing chain contain gates G1,...,Gn,

having data book typical delays T1,...,Tn and

maximum delays M1,...Mn.  The goal is to

determine whether the delay D of their series

combination is less than some value.  The

extreme value for the delay would be given by

The delay for the same chain calculated by the

RSS method is given by

.

Cle arly, DRSS   will be less than DMAX  , and the two

will be equal only if the individual typical and

maximum  values are  equal.  
          

How is the RSS Formula Derived?
         

The RSS formula is derived by analogy from

the statistical calculation that would be used to

estimate  the variance of the delay chain if the

means and variances of the ind ividua l de lays

were known.
   

Assume that X 1,...,Xn are independent

random variables with means m1,...,mn and

variances s 1
2,...,s n

2.  Then it can be shown that

the random variable Y defined by

has mean  and variance  value given by

, .

If the data book specifications for the Gi were

given as 3s i values mi and means mi, then their

standard deviations could be found by

.

Then, the 3s  value for the length of the timing

chain would be given by

.

The cor relation be tween th e forms o f DRSS and

D3s  equations is obvious, but the two equations

are  equ ivalent o nly if:
      

1. The typical values Ti are the same as the

means mi;

2. The maximum values Mi are the same as the

3s  values mi.
      

These assumptions are not guaranteed to be
valid. Data books do not give statistical

definitions of typical and maximum values,

although it is assumed there will be no gates  with

propagation delays longer than M i.  Thus the

transformation by which the D3s   equation

becomes the DRSS  equation b y substitution of

typical and maximum for mean and variance is

erroneous.
       

What  Effects Do Parameter Distribut ions
Have on the Validity of RSS Calculations?
       

If the Xi had normal distributions, then it can

be shown that Y also has a normal distribution.

If the Gi had norm al delay distributions Xi, then
their series delay D would be normally

distributed and  hav e on ly a 0.0013 p robability of
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being longer than m+3s , assuming, of course,

that m and s  are know n.  Data books do not give

part parameter distributions, and there are

reasons why a normal dis tribution mig ht not be

expected:
       

1. Experience shows that space qualified parts

from a given lot are closely matc hed in

performance rather than exhibiting a normal

distribution - a result of the intense scrutiny

to which they are subjected.  As parts from

different lots are mixed together, the

resulti ng  d i s t r ibu t ion  cou ld becom e

multimodal or flat. The mean values of the

final param eter pop ulations could d iffer

greatly from data book typical values.

2. Some digital parts are speed graded by
selecting the fastest parts of an initial

population for sale at a higher price.  If the

initial delay distribution was normal, then

the distributions of the fastest and slowest
sub-populations will not be.

     

Thus a normal parts distribution should not be

assumed   unless it can b e prove n.  
             

If the X i are not nor mally distributed, the n it

is still possible to make a statistical statement

about Y using Chebyshev's Theorem:

.

Thus the probability that the timing chain delay

would be within 3s  of m is at least 0.8888.

Assuming a symmetrical distribu tion about m,

there is a 0.0555 prob ability that the delay would

be longer than m+3s .  This is much larger than

the 0.0013 probability given by the normal

distribution case.
       

It might be argued that even if the Xi are not

normal,  the Central Limit Theorem  will

guarantee that Y will be  almost norm al.  This

ignores the fact that timing chain s are gene rally

very short.  It is uncommon to have a dela y chain

as long as  10 gates, and 2 to 5 gates is a normal

length.  The Central Limit Theorem argument

could not be considered valid if the length was
less than about 30 gates.
          

Why  Cannot Systems Be Tested for the
Timing Problems that RSS Doesn’t Find?
         

In a commercial environment, it might be

argued that using RSS is acceptable because the

systems with excessive delays will fail in test and

not be shipped.  The parts are assumed to not

appr eciably degrade, implying that system

margins will not decrease significantly: most

commercial systems have s hort lifetimes, relative

to some space missions, and are not s ubjected to

temperature extremes or radiation.  This

argument is specious because it assumes that the

tests will be sufficiently exhaustive to exercise

and monitor all  operational modes and

conditions, which is highly unlikely.  For

example, a flip-flop set-up time not met might

manifest itself as a decrease in performance that

would be noticed only under high system load

conditions.   The possibility of more serious

erroneous operation resulting from flip-flop

metastab ility would be hidden . 
                      

Testing for timing prob lems is clear ly not an

option in the space craft environm ent.  In

analyzing spacecraf t c i rcui try ,  the par ts

parameters must be d egraded for a ge, radiation,

and temperatures that most commercial systems

will not see, making timing margins at beginning

of life much larger than the c alcu lated end-o f-life

margins.  Thus a circuit can have an end-of- life

timing delay longer than its required maximum

value, pass all pre-launch tests, yet fail later in

the mission  bec ause of insufficient margin. There

is no method to test for excessive timin g de lays

other than measu ring every one.  Fin ding timing

prob lems this way is expe nsive in both  cost and

schedule, even if no redesign is required as a

result of the measurements.
       

Conclusion: Use RSS with Caution
       

Given the above, two points should be clear

concerning the use of RSS:
        

1. RSS calculations should use the means and
variances of the parts that will be used, not

data book typical and maximum values, and

should not without proof assume normal

parameter dis tribu tions.   This a lmo st a lwa ys

requires a lengthy and expensive part

measurement program.

2. RSS is a statistical technique and does not

guarantee that timing delays will be within
their require d values.  There is a non-zero

prob ability that a system passing an RSS-

based timing analysis will have timing

problems.
            

RSS analyses should be viewed with suspicion.

Extreme value computation is the only method

that guarantees that when the analysis says there

are no timing problems, there really are no
timing problems!


